We study the single-photon frequency conversion of a five-level emitter coupled to a Sagnac interferometer. We show that the unity conversion efficiency can be achieved either in resonance or off-resonance case under the ideal condition. In particular, the frequency of the output photon can be controlled by the frequencies and Rabi frequencies of the external driving fields.
Quantum frequency conversion [1, 2] is a nonlinear process transducing an input beam of light with a given frequency into an output beam of light with another different frequency. The quantum frequency conversion is an indispensable resource for connecting the quantum systems with different frequencies [3] . It can be applied for conversion of the photon frequency from visible band to telecommunication band [4] [5] [6] [7] [8] [9] [10] [11] or from telecommunication band to experimentally well detectable band [12] [13] [14] [15] [16] [17] [18] [19] [20] . The single-photon frequency conversion has many critical applications in quantum communication and quantum information processing [21, 22] . The highly efficient photon frequency conversion can be achieved in the large-flux limit [23, 24] and at the low-light level [25] . The photon frequency conversion depends on the nonlinear medium and the efficient tunable frequency conversion has not be achieved.
Here we propose a scheme to achieve the efficient controllable single-photon frequency conversion by adjusting the parameters of the system. The novel point of our protocol is that for an input photon with a given wavelength, the wavelength of the converted output photon can be tuned in a large range. Especially, when the frequency of the output photon is tuned higher than the input photon, the up conversion is achieved, while the down conversion can be achieved in the opposite situation. We demonstrate this control with a five-level emitter coupled to a Sagnac Interferometer [26] [27] [28] [29] . The frequency conversion efficiency of the Sagnac interferometer coupled to a three-level emitter can achieve unity only when the coupling strengths between the different atomic transitions to the waveguide loop of the Sagnac interferometer are equal in the resonance case [25] for the monochromatic input light, without considering the dissipation. Here in our system, we show that the frequency conversion efficiency can be unity in either resonance or off-resonance case. In the resonance case, the condition under which the different atomic transition-waveguide loop coupling strengths are equal is not necessarily essential to get a high conversion efficiency. This is more realizable under practical conditions. Particularly, the off-resonance case is essential for the control of the output photon frequency because the frequencies of the input and output photons are fixed in the resonance case.
The structure of the system under consideration is shown in Fig. 1 . The Sagnac interferometer which creates a superposition of two counter-propagating photon states when a single photon is injected into the setup consists of a 50:50 coupler and a waveguide loop. To avoid the output photon returning to the light source, a supplementary route is necessary as shown in [25] . Here we do not illustrate this route. The emitter can be a real atom or a manual atom-like object (The emitter will be mentioned as an atom below). The two atomic long-live states are denoted by |b and |c , and the excited states |a , |d , and |f . The atomic level frequencies are represented by ω i (i = a, b, c, d, f ). The atomic transitions |a ↔ |b and |d ↔ |c are coupled to the photons in the waveguide loop with strengths g 1 and g 2 , respectively. We employ two external classical fields with frequencies (Rabi frequencies) ω L1 (Ω 1 ) and ω L2 (Ω 2 ) to drive the atomic transitions |a ↔ |f and |d ↔ |f , respectively. In this paper, we first derive the transport property of the five-level atom coupled to the waveguide loop and then get the system output state of the atom coupled to the whole Sagnac interferometer by the scattering matrix to study the controllable single-photon frequency conversion. The scattering matrix of the Sagnac interferometer is S = S c S l S c , with S c = [31, 32] , the Lehmann-Symanzik-Zimmermann reduction approach in momentum space [33] , and solving the time-dependent Shrödinger equation [34] . By the way, the transverse size effect of waveguide is first studied in Ref. [35] . Here we use the first technique to get the scattering matrix of the waveguide loop.
The time-independent Hamiltonian of the atom coupled to a waveguide reads ( = 1, the photonic group velocity v g = 1)
) and σ ij = |i j| denoting the atomic raising, lowering and energy level population operators. It can be seen that the external fields shift the atomic levels. The expressions of the even and odd operators are a e (x) =
, with the operator a † R (x) and a † L (x) creating a clockwise and counterclockwise moving photon in the waveguide, respectively. Note that the effective atomic frequency ω ′ cb is ω c − ω b + (ω L1 − ω L2 ) relating to the external field frequencies. We assume that, initially, the atom is in the state |b , and a photon with the wave number k is injected into the waveguide loop. After scattering, the atom is in the state |b or |c , with the corresponding wave number of the output photon k and k ′ , respectively. The former corresponds to the elastic scattering and the latter to the inelastic scattering. For the inelastic scattering, the frequency of the output photon depends on the external field frequencies. Therefore, it is essential to make sure that the input photon is merely inelastically scattered for various values of the external field frequencies to achieve the tunable frequency conversion. The one-excitation state of the waveguide-atom system can be written as
where B(x), C(x), A, F , and D are amplitude probabilities, and |b, 0 represents that the atom is in the state |b and the photon number in the waveguide is zero. Under the ansatz B(x) = [θ(−x) + t 1 θ(x)]e ikx and C(x) = t 2 θ(x)e ik ′ x , we can get the solution of the timeindependent Shrödinger equation H |Ψ = E |Ψ . The stationary state evolves with time as |Ψ(t) = e −iEt |Ψ . After calculation [37] , the transport properties are obtained as
with
vg (m = 1, 2) representing the atomic decay rate into the waveguide loop due to the coupling. Going back to the clockwise and counterclockwise picture from the even and odd picture, the scattering matrix of the emitter coupled to the waveguide loop can be derived from t 1 and t 2 [31] easily and then the whole system scattering matrix can be calculated. As long as any one of the Rabi frequencies {Ω 1 , Ω 2 } is zero, the frequency conversion efficiency is zero due to the fact that the atomic transition |d ↔ |c decouples from the photon in the waveguide and hence the inelastic scattering vanishes. It is more detailed that when Ω 1 = 0, we can get t 1 = ∆a+iΓ1 ∆a−iΓ2 and t 2 = 0, which is the same as a two-level system coupled to the waveguide [30, 31, 36] . And when Ω 2 = 0, we can get t 1 = ∆a(∆a−∆1)−Ω1 2 +i(∆a−∆1)Γ1 ∆a(∆a−∆1)−Ω1 2 −i(∆a−∆1)Γ1 and t 2 = 0, corresponding to a three lambda-level atom coupled to the waveguide [38] . This also reveals that the frequency conversion can be switched off by shutting off the external classical field, which is equivalent to the control of the relative phase shift between the clockwise and counterclockwise moving photon (when the relative phase is π, an odd-mode quasi particle is prepared in the waveguide loop and the destructive interference makes the frequency conversion efficiency zero).
The relationship |t 1 | 2 + |t 2 | 2 = 1 can be easily checked. The maximal frequency conversion efficiency is 1 2 when a photon moves only clockwise or only counterclockwise towards the atom in the waveguide loop. In this case, the output state has the form of |Ψ =
e iφ |c, 1 k ′ (φ is a real number), which is a maximally entangled state. For an input photon split by the 50:50 coupler, the superposition of the clockwise and counterclockwise moving states can be prepared in the waveguide loop. In this case, the interference resulting from the superposition has a constructive effect on the inelastic scattering and a destructive effect on the elastic scattering. Once the relative phase between the photonic clockwise and counterclockwise moving states is zero, the scattered state can be obtained as
When t 2 = 1, the inelastic scattering process converts the input single photon into an output photon of the wave number k ′ with unity conversion efficiency. The control of the frequency of the output photon for a high conversion efficiency is our prime concern. The frequency of the output photon after the inelastic scattering is obtained as ω
which can be controlled by tuning the frequencies of the external lasers. This can be understood by the energy conservation. When ω cb + (ω L1 − ω L2 ) > 0, the down conversion can be achieved after the inelastic scattering, and when ω cb + (ω L1 − ω L2 ) < 0, the up conversion can be achieved. Obviously, if the resonance condition is satisfied i.e., ∆ a = ∆ 1 = ∆ 2 = 0, we can get the unity conversion efficiency when
. The coupling strength g 1 is usually different from the other strength g 2 because they depend on the atomic dipole. Hence, the controllable Rabi frequencies enable us to get a unity conversion efficiency in the resonance case. Fig. 2 shows the conversion properties |t 1 | 2 and |t 2 | 2 against the frequency of the input single photon when the external lasers drive the atomic transitions resonantly when
. For small Rabi frequencies, the spectra are shaped like the Lorentzian line. The spectra split with the increasing Rabi frequencies. When Γ 1 = Γ 2 = Γ, and Ω
. Obviously, when Γ 2 − 2Ω 2 ≥ 0, the unity conversion efficiency can be achieved only when the input photon interacts with the atom resonantly. However, when Γ 2 − 2Ω 2 ≤ 0, the unity conversion efficiency can also be obtained even when the input photon is off-resonant to the atomic transition as shown in Fig. 2(d) .
In the case discussed above, the external classical frequencies are fixed and then can not be tuned to satisfy the resonance condition. In order to achieve the tunable frequency of the converted output photon, the unity conversion efficiency in the off-resonance case is required. In the detuned case, the condition t 1 = 0 requires
Therefore, the conditions
(∆a−∆1+∆2)Γ1+∆aΓ2 > 0 and
> 0 are essential to get a unity conversion efficiency. Although these conditions can not be satisfied for any arbitrary value of the frequencies of the external fields, they can be fulfilled in a large range of the frequency values. This feasible range is enough for the adjusting of the converted-photon frequency in a wide scale. To explain this, we plot the Rabi frequencies Ω 1 and Ω 2 against the frequencies of the external fields when t 1 = 0 in Fig. 3 . In Fig. 3(a) and  3(b) , we show the required Rabi frequencies when we adjust both the external frequencies together. Fig. 3 (c) and 3(d) show the Rabi frequency requirement when we adjust one of the external frequency while the other frequency is fixed. Fig. 3 shows that for the large scale of the external laser frequencies, the essential conditions above can be satisfied and the appropriate values of the Rabi frequencies can be found. Therefore, we can control the frequency of the converted output photon by controlling the frequencies of the external laser and tune the Rabi frequencies to get a unity conversion efficiency. Although the injected photon is not resonant with the atom, the suitable parameters of the external lasers can ensure the conversion complete. The frequency conversion process can be understood as a photon trapping process. After the inelastic scattering, the injected photon a is trapped and the atom is in the state |c , with another photon b created. Besides, the trapped photon can be retrieved by injecting the photon b. It means that, the photon is trapped for a complete conversion. The retrieval processing corresponds to the complete conversion b → a. The retrieval efficiency can be computed when the atomic initial state is |c by a similar calculation done above. Obviously, the retrieval efficiency can be unity under a suitable condition.
The intrinsic dissipation is harmful to achieve the unity conversion efficiency. This dissipation can be incorporated by introducing the nonhermitian Hamiltonian H non = −iΣ j=a,f,d γj 2 |j j| in the quantum jump picture, with γ j being the decay rate to other modes except the mode of the waveguide loop from the level |j for a real atom and being the decay rate plus dephase rate for a manual atom-like object. As shown above, a complete conversion can be achieved in the resonance and off-resonance cases under the ideal condition. Fig. 4(a) , 4(b) and 4(c) plot the conversion properties in both the cases after considering the dissipation. The strong coupling and large detuning can tolerate the dissipation better. Fig. 4(d) plots the probability F = 2 . The high conversion efficiencies can be obtained in the case as shown in Fig. 4(b) and Fig. 4(c) . The probability F can be nearly unity which means that the input photon is dissipated and converted, and little elastic scattering exists. We note another restricting condition that the Rabi frequencies can not be too small in order to tolerate the dissipation. Fortunately, after considering this condition, the tunable frequency scale of the output photon is little affected, which can be understood from Fig. 3 .
In summary, we investigate the tunable single-photon frequency conversion in the proposed system. The inelastic scattering shifts the frequency of the input photon. The unity frequency conversion efficiency can be achieved under some conditions. Especially, in the off-resonance case, the frequency shift can be tuned by adjusting the external classical fields. Therefore, the output frequency is tunable. In the dissipation case, the conversion efficiency can not achieve unity and the output photon is mostly the inelastically scattered photon. This work is supported by "973" program (2010CB922904), grants from Chinese Academy of Sciences, NSFC (11175248).
